We prove the uniqueness of the positive solution for a non-cooperative reaction-diffusion model of nuclear reactors, by converting the system to an equivalent cooperative one.
Introduction
In this work we consider the uniqueness of the positive solution for the following non-cooperative reaction-diffusion steady state model of nuclear reactors:
where Ω is a bounded connected domain in R n (n ≥ 1), with a smooth boundary ∂Ω, and the parameters a, b, c, d and e take positive values. A solution (u, v) of (1.1) is called a positive one if both u and v are positive in Ω.
The problem (1.1) has been studied in [1, 2, [5] [6] [7] . Here we recall some of their results concerning the existence and uniqueness of a positive solution (see [1, [5, 6] .) There is an unbounded continuum Σ of positive solutions of (1.1) emanating from (a, u, v) = (ρ 1 , 0, 0) such that the projection of Σ to the a-axis is (ρ 1 , ρ 1 + bc/d), and for any sequence of solutions (a n , u n , v n ) such that lim n→∞ a n = ρ 1 + bc/d, we have
Here the limit of u n as n → ∞ is taken uniformly in compact subsets of Ω.
(C) (See [5] .) The positive solution of (1.1) is unique when n = 1 and [6, 7] .) The positive solution of (1. Our result improves the uniqueness result given in Theorem 1.1(F) for the higher dimensional domain case as we prove the uniqueness of the positive solution for all possible values of a > bc/d − e. The uniqueness results in Theorem 1.1(F) are all for a ∈ (ρ 1 , bc/d − e). Combining our results with Theorem 1.1(D)-(F), the only region of a for which the uniqueness is still not known is an interval (ρ 1 + ε, bc/d − e − ϵ). We also remark that for the corresponding Neumann boundary problem of (1.1), it is known that the unique constant steady state solution is globally asymptotically stable [3] .
Proof of Theorem 1.2
In order to prove the uniqueness of the positive solution to (1.1), we cite a result from [4 
and for any x ∈ Ω, the following relations are satisfied:
If at least one of the last two inequalities in (2.2) is strict, then (U, V ) is linearly stable in the sense that any eigenvalue µ of We remark that the original result in Lemma 2.1 requires the relations in (2.2) to hold for all (u, v) ∈ R 2 + . But the proof there can be used to prove the version here; hence we omit the proof.
Proof of Theorem 1.2. The existence of a positive solution of (1.1) follows from Theorem 1.1(A), so we only prove the uniqueness. Let (u, v) be a positive solution of (1.1). Set 
Note that the last inequality does not hold for all (w, u) ∈ R 2 + , but it holds for a positive solution (w(x), u(x)) of (2.5) satisfying u(x) − w(x) = bv(x)/d > 0. Therefore the relations in (2.2) are satisfied; then any positive solution (w, u) of (2.5) is linearly stable by Lemma 2.1.
On the other hand, the existence of a positive solution (u, v) of (1.1) implies the existence of a positive solution (w, u) of (2.5). Because of the stability of (w, u), for any positive solution (a 0 , w solution (a, w a , u a ) of (2.5) for a near a 0 , and all these solutions are on a smooth curve by the implicit function theorem. This curve can be extended to a ∈ (bc/d − e, ρ 1 + bc/d) as (w a , u a ) are uniformly bounded for any compact subinterval of (bc/d − e, ρ 1 + bc/d) (see [5, Lemma 2.4] ). This shows the existence of a curve of positive solutions of (2.
+ , and u a must approach a non-negative solutionû of
The only non-negative solutions of (2.6) are u = 0 and a unique positive solution θ . Since we assume that bc/d − e > ρ 1 , thenû ̸ = 0 since a = ρ 1 is the unique bifurcation point for the trivial solution (u, v) = (0, 0) of (1.1). Thusû = θ . This also shows that such a curve Γ must be unique by applying the implicit function theorem near (a, w, u) = (bc/d − e, 0, θ ). has a positive real part. The linearized eigenvalue problem of (1.1) is  − ψ = (a − bv)ψ − buφ + µψ, x ∈ Ω, − φ = (c − dv)ψ − (du + e)φ + µφ, x ∈ Ω, ψ = φ = 0, x ∈ ∂Ω, (2.8) and it is easy to see that µ is an eigenvalue of (2.8) if and only if µ is an eigenvalue of (2.7) via the change of variables ϕ = ψ − (b/d)φ. Hence the unique positive solution (u, v) is also linearly stable with respect to (1.1). This completes the proof.
